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By means of a partial reduction of the Kronecker powers of an irreducible 
representation of a finite group theorems are derived concerning the number of 
roots of the equation X” = S and the existence of representations with the 
property, that their Kronecker nth-power contains the trivial representation. 
Furthermore a generalization is given of a theorem of Frobenius and Schur, 
concerning the relationship between the group averages 
1 /kc {XW)? and 1 /!z? c Xuw. 
R R 
1. PRELIMINARIES 
In this paper we consider representations of groups over the field of the 
complex numbers. 
The nth-Kronecker power u@ of an irreducible representation u of a group 
can be decomposed into the constituents of definite symmetry with respect to 
the symmetric group S, . In the special case of the general linear group GL(N) 
in N dimensions the decomposition of the defining representation provides 
irreducible representations of GL(N) [l-3]. F or an arbitrary group the above 
constituents are in general no longer irreducible. However, in any case this 
decomposition provides a partial reduction of the Kronecker nth-power, 
which gives us a tool for deriving some properties of the characters of an 
arbitrary group. To avoid convergence difficulties, etc. we confine ourselves 
to finite groups. 
For a single arbitrary matrix A E GL(N) with nth-Kronecker power AOn 
the following relation holds 
{Tr(A)}1~{Tr(A2)}z2 -0. {Tr(A”)}zm = c v’p Tr A(“). (1) 
A 
In this equation Tr(A) denotes the trace of the matrix A and pzA denotes the 
character of the irreducible representation (X) and the class (I) of the symmetric 
group S, . Here, (X) is an abbreviation for the partition (X, , X, ,..., h,) of n 
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into p parts. Similarly (2) stands for the cycle structure [lrl, 2z2,..., mzm] of 
the classes of S, . The summation in Eq. (1) runs over all partitions (A) of n 
with at most N parts. The symbol A (V stands for the constituent of AOn 
corresponding to the partition (;\) ( see Refs. [l], p. 331, Eq. (9.12); [3], first 
equation after Eq. (4.12); [4], Eq. (6.2; 15)). Applying Eq. (1) to the repre- 
sentation matrices D(R) of an irreducible representation CT of a finite group 3 
we get 
~x(R)~“‘~x(W2’ -. * {x(R”))~~” = c pzY(R). (2) 
A 
In this formula x(R) is the character of the element R in the irreducible 
representation u of 3, whereas x”(R) stands for the character of R in that part 
of the nth-Kronecker power of u which is denoted by (A). The summation in 
Eq. (2) has to be extended over all partitions of n with at most x(l) parts. 
By applying orthogonality relations for the characters vr” one finds the 
inverse relation 
x”(R) = $, C gz~l”~x(R>~z’~x(R2)~zz .-- {xVWzm- (3) 
- 2 
In Eq. (3) g, is the number of elements is the class (I) of the symmetric 
group S, . 
Special cases of Eq. (2) which play a role in subsequent sections are 
{xW” = ; (~;p,x”W 
and 
x(R”) = ; P;~~xYR). 
(4) 
(5) 
The characters p’:r ,, are the degrees of the representations (A) of the symmetric 
group S, , whereas the characters vFfl, are &l or 0 (see Ref. [3], Eq. (5.3)). 
As special cases we have 
v,c;; = fl (6) 
and 
$1;’ zz.z (-1)-l. ?I (7) 
We point out that as a corollary of Eq. (5) we have the result that the sum 
I/g& x(Rn) is always an integer, as the characters of the symmetric group 
are integers and l/g& x~(R) is a non-negative integer (the summations run 
over all g elements R E ‘3). 
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2. SOME PROPERTIES OF ROOTS AND REPRESENTATIONS 
With the formulas of Section 1 we can derive some theorems concerning 
the number of roots of the equation X n = S, where X must be an element of 
a finite group 3, whereas S is a fixed arbitrary element of this group. We 
denote the trivial representation of 9 by l8 . 
THEOREM 1. I f  in a finite group 9 the number of solutions of the equation 
X” = S, where S is a $xed arbitrary element of the group and where n is a 
positive integer, is not equal to one, there exists at least one irreducible representa- 
tion a # 19 , such that the nth-Kronecker power u@” contains lY at least once. 
Proof. Assume that the number of solutions of the equation Xn = S is 
not equal to one. Let 1 d not be contained in uQn for all u # l9 , then one has 
From Eq. (4) and the positiveness of the coefficients &%, it immediately 
follows that 
for all partitions (h) of n with at most x(l) parts. Substituting this in Eq. (5) 
yields 
$ ,y(R”) = 0, (0 f 19). 
R 
For the number of roots Q”)(S) of the equation X” = S the following 
expression holds 
S’“‘(S) = ,‘c 2 x(S) x(R”). 
x R 
(This expression follows immediately from the obvious relation 
c I’“‘(S) x(S) = c XW 
s R 
and an orthogonality relation). The summation in Eq. (9) runs over all 
irreducible representations of 9. From Eq. (8) we see that the only contribu- 
tion in the r.h.s. of Eq. (9) comes from 19. Hence l(“)(S) = 1, which 
contradicts our assumption. 
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Remark. Special cases of Theorem 1 are the theorems on p. 539 and p. 544 
of Ref. [5], where the third and fifth power roots of 1 in simply reducible 
groups are considered. 
In Refs. [6-81 the substitution R + R” for each element R E 9 is considered. 
If n is prime tog this substitution induces a permutation of the characters of 
the irreducible representations and at the same time a permutation of the 
classes. The symbol 27 tn) denotes the class which originates from the class 
9 by this substitution. Similarly u tn) denotes the irreducible representation 
originating from the irreducible representation (T. It is evident that the class 
Pn) is contained in the n-fold class product % x $7 x ... x %‘. We now shall 
derive the following theorem dual to the above property. 
THEOREM 2. If  n is prime to the order g of the Jinite group 9 the irreducible 
representation ~9~) is contained in the nth-Kronecker power oQn. 
Proof. Let acn) not be contained in aOn, then one has 
where * means complex conjugation. From this and Eq. (4) it follows that 
$ ; x*P) x”(R) = 0 (11) 
for each partition (A) with at most x(l) parts. Combining this equation and 
Eq. (5) gives 
;; I x(W2 = 0. 
This is impossible, hence U(~) has to be contained in a@*. 
3. ON THE NUMBER OF ROOTS AND RELATED PROPERTIES 
THEOREM 3. Let o be an irreducible representation of a jinite group 59 with 
character x. Let n be a positive integer. Let s,(x) be the number of times that the 
trivial representation 19 is contained in the nth-Kronecker power a@. Then 
one has: 
(i) if n = pa, where p is an odd prime and a is a positive integw, then 
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whereas either 
OY 
(134 
(ii) if n = 2”, where a is a positive integer, then 
t ; x(R2”) = $ ; (x(W” (mod 21, (14) 
whereas in particular l/g CR x(R2”) can only assume one of the values of the set 
is2a(x), s,a(x) - 2, s,.(x) - 4,..., -%4X> + 4, -s,.(x) + 2, -s,.(x)>; (15) 
(iii) if n is an odd integer not less than 3 and if s,(x) < n - 2, then 
(iv) if is n an even positive integer and if s,(x) < 1 if n = 4 and 
G(X) <n - 2 ifn 3 6, then l/gZRx(RR) can only assume one of the values 
of the set 
{s,(x), S%(X) - 2, Sri(X) - 4,..., -h(x) + 4, -4x) + 2, -ST&(X)>- (17) 
In order to prove this theorem we first shall state two lemmas, the proofs 
of which can be found in the appendix. 
LEMMA A. Let p be a prime number and let a be a non-negative integer. 
I f  two classes (1) and (1’) of the symmetric group S, have the same cycles save 
that pa cycles of order 1 in (1) are replaced by a cycle of order pa in (I’), then the 
characters of the two classes are congruent to modulus p for every representation. 
LEMMA B. The minimum of the degrees of the non-linear characters of the 
symmetric group S,, equals n - 1 if n > 3, n # 4. (For n = 4 this minimum 
equals 2.) 
Proof of Theorem 3. (i) To avoid ambiguities in the notation we shall 
introduce the following abbreviations. The characters which correspond to 
the completely symmetric and the completely antisymmetric parts of the 
Kronecker (pa)th-power will be denoted by xX1(R) and xAz(R). (Note that 
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$2(R) need not be present). Similarly the characters of the symmetric group 
S,, , which belong to the class with pa 1 -cycles will be written as C& and the 
characters belonging to the class with one pa-cycle as vi, . From Eqs. (4)-(7) 
we then have 
and 
Here, CA, denotes the summation over all partitions of pa with at most x(l) 
parts, except (Q and (‘\a). Subtracting these equations we get 
Now we can apply Lemma A with (1) = (ZJ and (I’) = (Is), which gives 
94, = dl (modp)- (21) 
Because l/g& x~‘(R) in the r.h.s. of Eq. (20) is a (non-negative) integer 
for all (h’) Eq. (12) follows immediately. 
To prove Eqs. (13a) and (13b) we observe that one always has 
cp;; - v:; 3 P”, (22) 
because C$ is a degree of a non-linear character and hence from Lemma B 
$ > pa - 1 (remember that p # 2) and r$ = fl or 0 (see Section 1). 
From the proof of Lemma B (see Appendix) we know that r&i = pa - 1 
when (h’) = (pa - 1, 1) or (X’) = (2, IP”-2), whereas & = -I for these 
values of (h’) (cf. Ref. [3], Eq. (5.3)). In these special cases we have 
(23) 
From Eqs. (20), (22) and (23), Eq. (13 ) a and also the first inequality of 
Eq. (13b) are evident. 
The number l/g& ,$,Rp”) attains a minimum if the representations 
denoted by (A’) = (pa - 1, 1) and (h’) = (2, I’“-2) happen to contain all 
the s&x) trivial representations. Because p);’ = pa - 1 for these values of 1 
(h’), we have in this case 
(24) 
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From Eqs. (20), (23) and (24) it follows that in this special case 
The reader can verify that the r.h.s. of Eq. (25) is really the minimum 
of l/g CR x(R@), because other parts of the Kronecker (pa)th-power than 
the above ones give rise to contributions greater than {- l/(p” - l)} S&X). 
Here it is essential that the minimum of the degrees of the non-linear character 
of S,. equals pa - 1. 
(ii) The p roo o t f f h is part is similar to the proof of (i). Observe that 
Eq. (20) is now replaced by 
(iii) Because of the conditions of this part of the theorem and Lemma B 
we have here from Eqs. (4~(7) 
and 
; {X(R))n = ; X’n’w + c X’l”‘w (27) 
R 
c X(W = c X’n’(R) + c x’l”‘(W. (28) 
R R R 
Q.E.D. 
(iv) The proof of this part is similar to the proof of part (iii). 
For the special case a = 1 parts (i) and (ii) of Theorem 3 assume a simpler 
form and can be united in the following corollary. 
COROLLARY. Let CT be an irreducible representation of a finite group ‘3 with 
character X. If p is a prime number and if the pth-ICronecker power u@p contains 
the trivial representation I9 sg(x) times, then 
(29) 
whereas in particular l/g CR x(Rp) can only assume one of the values of the set 
j%(X), s,(x) -P, %sx) - 2P I..., [-p* s,(x)] 1. 
Here, [--(l/(p= - 1)) s&y)] is the smaZZest in eger congruent with S,(X) (mod p) 
which is not less than -(l/(p” - 1)) S,(X). 
4W25/3-6 
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We remark that the special case p = 2 of this corollary coincides with a 
theorem due to Frobenius and Schur [7] (see also Ref. [2], Chap. 5). 
THEOREM 4. Let n be a positive integer. Let sn(x) be the number as defined 
in Theorem 3 and let Q”)(S) be the number of roots of the equation Xn = S, 
where X must be an element of 9, whereas S is a fixed arbitrary element of Y. 
Then the following relations hold: 
(i) t.. n = pa, where p is a prime and a is a positive integer, then 
P’)(l) 5% 1 x(1) s,.(x) (modpI; (31) 
x 
(ii) if n is an odd integer not less than 3 and if s%(x) < n - 2 for all 
irreducible representations a of 9, then 
P’(S) = 1 x(S) &z(x); 
x 
(32) 
(iii) if n is an even. positive integer and if s,(x) < 1 if n = 4 and 
s,(x) ,< n - 2 if n > 6 for all irreducible representations u of 9, then 
P’(1) = c x(1) &z(x) (mod 2). (33) 
x 
Proof. All results follow immediately from Eq. (9) and Theorem 3. 
4. EXAMPLES 
The considerations of the previous sections were inspired by a problem 
from Theoretical physics. It is shown there that so-called 3jm-symbols 
(or Clebsch-Gordan coefficients) of a group 9 can be symmetrized if and 
only if for all irreducible representations (T with characters x one has 
(See Refs. [9] and [IO].) G rou s p f  or which Eq. (34) holds for all irreducible 
representations we shall call therefore simple phase groups (S.P. groups). 
Derome showed by direct verification of Eq. (34) that the symmetric group 
S, is not an S.P. group (cf. Ref. [9]). 
We shall show now that the K-metacyclic groups are not S.P. groups. 
A K-metacyclic group is defined for each prime number p, with defining 
relations 
SP = T”-1 = 1 3 T-VT = S’, (35) 
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where Y satisfies rg-1 G 1 (modp) and is primitive (cf. Ref. [ll], p. 11). 
The K-metacyclic group corresponding to the prime number p of order 
p(p - 1) has p - 1 linear characters and one character of degree p - 1. If 
p > 3, one has for the character of degree p - 1 
and 
if p = 1 (mod 3) 
if p = 2 (mod 3) 
From these equations we see that for p > 3, each K-metacyclic group is a 
non-S.P. group and that the difference between the 1.h.s. and the r.h.s. of 
Eq. (34) can be arbitrarily large. The K-metacyclic group of order 20 is the 
group of smallest order which has a representation violating Eq. (34). 
One has to go to groups of rather high order to find an example where the 
sum 1 /g CR x(R3) is negative. The relations 
ST = T9 zzz 1, T-?YT = S2 (36) 
(see Refs. [6], p. 319, [12], S. 179), define a group of order 63 which has 
nine linear characters and six characters of degree 3. For four of the characters 
of degree 3 one has 
whereas 
This example illustrates that the minimum value in Eq. (30) (for p = 3) can 
indeed be assumed. Whether this group is the group of lowest order for which 
the sum l/g ‘& x(R3) is negative is not known to us. 
5. APPENDIX 
Proof of Lemma A. We shall make use of the formula of Frobenius for the 
characters of the symmetric group S, . This formula reads (see Ref. [2], 
Eq. (7-24)) 
(37) 
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where x i , xs ,..., x, are independent, formal variables. In this equation the 
symbol so) is defined as 
where 
Furthermore 
s, = f (xi)*, (r = I,..., n). (3% 
61 
B(xJ = D(x, ,..., x,) = fl (Xi - Xi>, (9 
i<j 
whereas CP stands for the summation over all permutations of the variables 
Xl , x2 ,.‘., x, * The symbol 8, equals f 1, depending on whether P is an 
even or odd permutation. 
Ifp is a prime number, it follows from the binomial theorem, that 
and therefore 
(x + y)“” 3 xpa + ypa (modp) (41) 
(s# 5s Sd (mod PI- (42) 
Now we replace (s#” by s,. in the 1.h.s. of Eq. (37) for a given class (1) with 
at least pa cycles of order 1. The result is congruent to the original expression 
to modulusp, on account of Eq. (42). The expression we now have is precisely 
Eq. (37) for the class (I’) in which the pa cycles of order 1 are replaced by one 
cycle of order pa. Q.E.D. 
This proof is a slight generalization of the proof for the case a = 1, given 
by Littlewood (cf. Ref. [4], p. 143). 
Proof of Lemma B. We shall proceed by mathematical induction. By 
inspection of the character tables of S, and S, the truth of the lemma is 
evident when n = 5 and n = 6. 
Let the lemma be proved for n = h - 1 > 6 and let us consider the 
case n = h. The degree of the irreducible representation (h) = (Xi , X2 ,..., h,) 
of the symmetric group S, will be given by $rhl . Applying a branching rule 
for the characters of the symmetric group S, (cf. Ref. [2], Eq. (7-52)) provides 
us with 
&.A, ,.... A,) 
vClhl 
_ T p;cA~;i . ..* h-1 ,..., A,) 
(43) 
with h, > AZ > ..I > Ar - 1 > ... > h, . 
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Let us take a representation (A), which is not of degree one, i.e. (A) # 
(h, 0 ,..., 0) = (h) and (A) # (I, I,..., I) = (IA). We shall now distinguish 
two cases. 
(i) The partition (A) is not of the form (A,, A, ,..., A,) = (Xrp). (The 
corresponding Young diagram is not a rectangle). If we apply Eq. (43) we see 
that in the r.h.s. of this equation at least one non-linear character of She1 
occurs, together with at least one other character, which may be linear. 
Hence we have 
because of our assumption. 
(ii) The partition (A) has the form (X,p). (The corresponding Young 
diagram is a rectangle). By applying the branching rule (43) twice, we have 
from which 
($0 > (h - 3) + (h - 3) > h - 1, because h > 6. 
One can verify that this minimal value h - 1 is indeed assumed, when one 
takes (A) = (h - 1, 1) or (A) = (2, lh-2). B ecause of the principle of mathe- 
matical induction we have now proved Lemma B for n > 4. 
From the character table for 5, it is evident, that the lemma also holds 
for 12 = 3. 
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